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^ ' Abstract 

D ■ 

' We study the structure of analytic continuation of solutions of an even rank system of linear ordinary 

differential equations of Okubo normal form (ONF). We develop an adjustment of the method by using the 
, Euler integral for evaluating the connection formulas of the Gauss hypergeometric function 2Fi{a, (3, 7; x) 

to the system of ONF. We obtain recursive relations between connection coefficients for the system of 
, ONF and ones for the underlying system of half rank. 

u 

r^' ! 1 Introduction 



(N 

o 



X 



The Gauss hypergeometric differential equation 



du 

' dx^ ' ^ dx 

> 

in 

ixh-^ ll I \u2j ^ \.-il-c + a){l-c + b) c-l-a-bl\u2 



x{l ~ x)— + {c - (1 + a + b)x}— -abu = (1.1) 

is transformed into a system of first-order differential equations of the form 

W d f ui\ I 1 — c 1 



where 

du 

On , ui = u, U2 = X- (1 — c)u. (1-2) 

— dx 



As a generalization of this system, Okubo ([TO], [H]) studies a rank n system of linear differential equations 
of the form 

^. {xIn-T)^=Au, (1.3) 



where u is an n-vector of unknown functions, ^ is an n x n constant matrix, T is an n x n diagonal constant 
matrix, and /„ denotes the n x n identity matrix. We call (jl.3p a system of linear differential equations of 
Okubo normal form (ONF). 

In this paper we shall study the structure of analytic continuation of solutions of a rank 2n system of 
ONF of the form 

[T \ f A P ^ ^^''^^ 

^ " (, i/J ' " \-{A' - PlIn){A' ~ p2ln)P'^ [pi + P2)In - A' 

where U — U{x) is a 2ri- vector of unknown functions, T, A g M(n; C), P G GL(n; C) are matrices such that 
T and A' ~ P~^AP are diagonal, t is a complex number satisfying det(t/„ — T) 7^ 0, and pj [j = 1, 2) are 
complex constants. 
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The Gauss hypergeometric equation is intimately related to the Euler-Darboux equation. Our system 
(|1.4p is obtained through the process of making the relation of the two equations clear. Set 

Eia,Pn) = (e - Vf^^ - «(e - - Piv - 0^ - 7. 
In the case that 7 = 0, which is done by using the relation 

E{a, (3, 7)(^ - -nY ^{^- riYE{a + 5, (3 + d.-f + 5{5 + a + p ^ I)) (1.5) 
with a suitable choice of the parameter 5, the partial differential equation 

i?(a,/3,0)/ = (1.6) 

is called the Euler-Darboux equation. Darboux (P, §347]) shows that by setting / = ^^i^(t), t = ri/£^, with 
a fixed constant A, the equation (jl.6[) is reduced to the ordinary differential equation 



^(1 - *)4t + {1 - A - /3 - (1 - A + a)t}^ + Xaip = 0, 
at^ at 

which is the hypergeometric equation with the parameters a, h, c replaced by a, —A, 1 — A — /3, respectively. 
Set 

Miller ([5]) notices that the space of particular solutions of (|1.6p of the form / = £,^'p{v/0 coincides with 
the space of solutions of the system of partial differential equations 

\ L2{X)f = 0, ^ - ' 

since the second equation implies / = S.^'fiiv/O- Let us consider a 1-dimensional section of this system 
obtained by taking r] for a constant, and show that the section is also reduced to the hypergeometric 
equation. We first make the substitution f = — r])~^g. Then, using the relation p.Sp and the relation 

we obtain the system of partial differential equations 

iE{a-f3,0,{l-a)(3)g = 0, 
\ L2{X + P)g = 0. 



Eliminating the term of d^g/d£,dii from this system by 



(^ - Vf-^L2{X + P)g - r,Eia - /3, 0, (1 - a)l3)g, (1.9) 



we obtain 

^(^ - + {(1 - A - /3)C - (1 - A - a)m - V)^ + (1 - <^)PV9 - 0. (1.10) 

As a differential equation in one variable ^, this equation is Fuchsian and has the Riemann scheme (the list 
of exponents) 

' e = e = oo ^ = 77 
l~a 

X+a -X-P P 
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So, if we write 

a — l~a, f3 — b^X^a — c or a^l — 6, /3 = a, A = 6 — c (l-H) 
and change the variable ^ to a; by 

x = l + -^ (1.12) 

which carries the points ^ — 0,00,77 into the points x = 0,1, cxi, respectively, then we can transform the 
equation (jl.lOp into the equation (|l.ip . Note that by virtue of the substitution p. lip , we can write the 
system (|1.8p in the form 

j E{l-a-b,0,ab)g^O, 
[ L2{a + b- c)g = 0, 

which is not altered if a and b are interchanged. 

Darboux ([J- §354]) furthermore shows that an integral of the form 



(1.13) 



f{^,v)= i^-cr^iv-cr'-hiodc (i.w) 



V 

becomes a solution of the equation (|1.6[) under the condition dia < 0, 3?/? < 0. Set 

If h{C) is a solution of the ordinary differential equation 

Li{X + a + f5-l)h = 0, (1.15) 
then the integral (|1.14p satisfies L2{X)f — and hence becomes a solution of the system (|1.7p . Indeed, since 



m,v)= / {-m-cr''\v-cr''h{Odc 



n 



we have 



m, v) = /V")(e - cr'^iv - cr^-'Ho dc 

^|:{(e-C)-^(^-C)-"KMC)dC (1-16) 

\^~o-^iv-cr''-^mo}d(: 

= (A + a + /5)/(e,ry), 

which leads to L2{X)f = 0. Here we have used ^{C^(C)} = ^(C) + ^'^^(0 = (A + a + P)h{() in the 
last equality. 

It should be noted that the equation (|1.15|) is a rank 1 system of ONF and the integral (|1.14p is considered 
as an extension in two variables of the Euler transformation 

/(C) = f\c-r)-"-^hir)dr 
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which carries a sohition of the equation (|1.15p into a solution of the equation Li(A)/ = 0. In view of 
affinity of the system of ONF for the Euler transformation we may extend ii(A), L2{X) to rank n differential 
operators of ONF as 

Li(r', A; p) = (C/„ ~T')^- pin - A, 

d d 
L2(T', A; p) = + {-qln pin - A, 

where ^ is an n x n constant matrix and T' is an n x n diagonal constant matrix. For a solution w{Q of 
the system of ONF 

LiiT\A;p + a + 13 -l)w = (1.17) 
we define ^ 

uitri)^ [ i^-cr^iv-cr^wiodc (i.is) 



provided that SRa < and < 0. Then, similarly to the integral (|1.14[) . u{£,, rj) becomes a solution of the 
system of partial differential equations 

\L2{r,A;p)u = 0. ^ • ' 

The operator L2{T' , A; p) also satisfies the relation 

L2iT', A; - = - v)'L2iT', A; p - S). 

So, similarly to ()1.8p and p.l3p . setting 

a = l + pj>, (3^~pj^ p=-l-pj,, and u^{£,-t]Y^v, 

where j E {1,2} and j' denotes the complement of j in {1,2}, namely, — (1,2) or (2,1), we can 

transform the system (I1.19[) into the system 

f Eil + pi+p2,0,PlP2)v^0, 

\L2iT',A;-l-pi-p2)v^0, ^ • ' 

which is not altered if pi and p2 are interchanged. The quantities pi, p2 and A in (|1.20p correspond to —a, 
~b and 1 — c in (|1.13p . respectively. 

Our system (|1.4p is obtained as a 1-dimensional section of the system (ll.20p . The author introduced 
the system (|1.4p firstly in |15| . and then used it to establish an algorithm for constructing all irreducible 
semisimple systems of ONF having rigid monodromy in 16J. Haraoka ([4J) constructs integral representations 
of solutions of the system (|1.4p using the integral equivalent to (|1.18p . and shows by following the author's 
algorithm that solutions of all irreducible semisimple systems of ONF can be represented by the integral of 
Euler type. 

In this paper we study connection problems between local solutions of the system (II. 4p by using the 
integral (ll.lSp . We are especially concerned with the relation between connection coefficients of the system 
()1.4p and ones of the system ()1.17p . 



2 Preliminary 

In this section we give transformations for obtaining the system (|1.4p from the system (|1.20p . and recall 
Haraoka's results on integral representations of solutions of the system (|1.4p . 
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2.1 Transformation of equations 

Set 



M{T',A) = -(e - A{r^I,, - T'), 

N{r, A; p) = (e - v)L2{r, A; p) + M(r', A) 



and write 



£; = S(l + pi+P2,0,piP2), 
L2 = L2{T' , A; -1- pi - P2), 
M = M{T',A), 

N^N{T',A;~l-pi-p2) 

for short. 

Remark 2.1. Applying the change of variable ()1.12p to the differential operator defining U2 in (II. 2p . we obtain 

— - (1 - r) = - 
?/ 

The differential operator M{T' , A) corresponds to this operator. 
Similarly to (|1.9p we have the following proposition. 

Proposition 2.1. We have 

(C - '/)'^^2 - ivln - T')E = - ((^ - -n)^^ + (Pi + P2)/„ -A^M^{A- pi/„)(A - p2/n)(ry/„ - T'), 

(e - '7)'|-i2 - (C/n - T')£; - (pi + P2 + - ll)L2 



- (1 - c) = r ( - '/)?^ - (1 - 



i9?7 



- '/)|^ - (Pl + P2)In +A]N+{A- piIn){A - P2/„)(an " T'). 



Proof. By direct calculation. □ 
Proposition 2.2. Set vi = {qln — T')v and V2 ~ Alv. Then the system of partial differential equations 



(| 1 . 20\i is transformed into a system of first-order partial differential equations for a 2n-vector 
form 

- V)-^ = (-4 - PlIn){A - P2ln)vi + iA- (pi + P2)/„)W2, 
(e - V)^ = {Ai^n - T') - (pi + P2)(C - V)ln}ivln " TT'vi + «2 , 



of the 



(2.1) 



^{A - piIn){A ~ p2/„)(an - T')(77/« " T^^Vi -{A- (pi + p2)/„)i;2 



Proof. The system of partial differential equations 

{^~vf^L2-ivIn-r)E]v^0, 



(e - V)^^L2 - i^n - T')E - (pi + p2 + m - r,)L2 ]v^() 



drj 



. Law = 
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is equivalent to the system (|1.20p . By virtue of Proposition 12.11 and the definition of the operators M and 
N we can write this system in the form 

+ (Pl + P2)In - M -{A- piIn){A - P2ln)(jlln - T')| W = 0, 

I (^(e - - {Pl + P2)In +A^N+{A- piIn){A - P2ln){^ln ~ r')| W = 0, 

[ (M - N)v = 0. 

The first equation of this system and Mv — f 2 = are equivalent to the first two equations of the system 
()2.H) . Besides, the second equation and Nv — V2 = are equivalent to the last two equations of the system 
(EH). □ 

Using the relations 



{^In-T')-\r,I^-T') = {^-n) 



1 



1 



In - (^n -T')-' 
In + ivin - T')-' 



we can write the system ()2.ip in a Pfaffian system of the form 



dV = 
where 



V = 



drj- A 



V, (2.2) 



A = 



A In 

-{A- piIn)iA~ P2ln) {Pl+P2)ln-A 



For a fixed constant r/o the 2n-vector function V{^) = V^(Cj'7o) satisfies 



dV 

^ VV 



AV. 



Proposition 2.3. Assume that rjo satisfies det(T' — ?7o^n) 7^ 0. The change of variables 



X — t 



id V = 



In 



P 



where t is a constant, transforms the system (j^.gp into the system of ONF 



xhn - 



T 



dU_ 

tin I I dx 



= ApU, 



where 



T = tln + {T' - 77o/„)-i 
Proof. The change of variable (|2.4p leads to 



Substituting this formula into the right hand side of 

dV _ d^ dV 
dx dx d^ 



T 



tL 



1 



{x-tf 



{^in - r \ 



AV, 



and then substituting V = 



P 



U, we obtain the system (|2.5p . 



(2.3) 



(2.4) 



(2.5) 



□ 
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2.2 Integral representation of solutions 

We denote by w{p; () a solution of the system of ONF 

Li{T',A; p)w = 0. 

Recall the notation / for j = 1,2: 



(2.6) 



J = 



2 forj = l, 
1 for j = 2. 



Proposition 2.4. For j — 1, 2, let w{—pj — 1; C) be a solution of the system ^2.6} with p = ^pj — 1. Then 
the integral 



(2.7) 



is a solution of the system 1^1. 20^ , provided that 

"(e - C)"^ {ri - C)-"^' -'idn - T')w{-p, ~ 1; O] ^ = 0. 
Proof. The change of variables w = (C ~ rf)^P^u leads to a system 

r E{p,,+l,-p,,Q)u = {), 
\L2{T',A--Pj, ^l)u^O. 

It is trivial that the integral 

n{i,r,)= I ic-crHv-cr'^'-'wi-p,-i;Od(: 

Jc 

satisfies the first equation of this system. Similarly to (|1.16p . we have 

(a„ - T')«c (e, v) + ivin - T')u^{C, 7/) + i~p, + py + l)u{i, i-i) 
d 



c 



{(e - CY' iv - Cr'^'-'KCIn - T')w{-p, - 1; dC 



{^-cr{v~cr''^'-'^{{cin-r)w{-p,-i-c)}dc 



- (e - C)"^- iv - C)-'''-\CIn - T')w{-p, - 1; C) 

{A - PjI„)u{^,Tj), 



c 



which leads to L2{T' , A; —pji — l)u{£_,ri) ~ 0. Here in the last equality we have used (|2.7p and ^{(C^n 
r)w{~p, - 1; C)} = (A - pjln)w{~p, - 1; C). 

Combining Propositions 12.41 and 12.21 we see that for j = 1,2, the integral 



□ 



{M{r,A) 



iv-0 



(-p,-l;C)dC 



becomes a solution of the Pfaffian system (|2.2I) under the condition (|2.7p . Substituting 77 = 770 and then 

C = '70 H 5 we obtain the following proposition. 

X — t 
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Proposition 2.5. For j ~ 1, 2, let w{~pj — 1; Q) he a solution of the system l\2.6} with p = —pj — 1. Then 
the integral 

v{0 = v{i,m) 



{vo-0-'^'-'w{-pj-i-OdC, 



(2.8) 



where Af^,, (T', A) denotes the operator AI(T',A) with rj replaced by rjo, becomes a solution of the syste 



Moreover, the integral 



U{x) 



where 



M,,^„(T', A) = {/„ + {x- t)(r,o/„ - T')} ^ - A(r/o/„ - T'), 



(2.9) 



becomes a solution of the system of ONF 



Even if the integrals (|2.8p and (|2.9p are divergent, they make sense in the sense of the finite part of a 
divergent integral (see Vf\ 2.3.3]). For example, in the case that C is a segment from 770 to ^ in (|2.8p . the 
integral (|2.8p is divergent if < —1 or SR/Oj' > 0; however, the integral makes sense in the sense of the 
finite part if pj ^ Z<o and pji ^ Z>o. We do not assume the conditions for convergence of the integrals 
stated below, and treat them as the finite part of a divergent integral when they are divergent. 

3 Solutions characterized by local behavior 

We reverse our way of investigation. Namely, we start with the system (|1.4p and then determine the system 
(EH). 

3.1 Assumptions 

Consider the system (|1.4p . We write T in the form 

/ tllrii 

T ^ 



V 



and set 



where ti ^ tj {l<i^j<p+l) and ni + 71,2 



t — tp+i, 

■ ■ ■ + Up — n. We assume that 



No three ti (1 < i < p + 1) lie on a straight line. 

Renumbering the t^'s if necessary, we fix an assignment of the arguments Oi — arg(t,; — tp+i) (1 < i < p) 
such that 

ei<e2<--- <0p<9i+2t:. 
Besides, we fix a real number 9p+i such that 



9p < Op+i < 6*1 + 27r. 
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When we write 



A 



(All Ai2 

A21 A22 



Aip\ 



A 



2p 



\Api Ap2 ■ ■ ■ ^ppj 

ill the same partition as T, namely, Aij e M(ni, n^; C), we may assume that the diagonal blocks An (1 < 
i < p) are of Jordan canonical form, since a transformation of the form U — ^ ^ ^ C7, where 



V 



QpJ 



changes the system (|1.4p into the same system with Aij and P replaced by Qi~^ AijQj and Q^^P, respec- 
tively. We assume that 

All, A22, • • • , App are diagonal, 



and set for 1 < i < p 



Au 



\ 



where 7^ K,h (k ^ h) and + £^,2 + 



A' 



where /i^ ^ [ih (k ^ h) and mi + TO2 



+ ^m. We write A' = P^^AP in the form 



ruq = n. Throughout this paper we assume that 



Ai,fc, Ai,fc - Xi^h ^ Z for 1 < i < p, 1 < fc 7^ /i < Ti, 

^J'k — l^h ^ for 1 < k ^ h < q, 

Pj, Pi - P2 ^ Z for 1 < j < 2, 

Pj - h,k ^ Z for 1 < j < 2, 1 < i < p, 1 < fc < 



(3.1) 
(3.2) 
(3.3) 
(3.4) 



3.2 Nonholomorphic solutions near singular points: generic case 

First, we treat the case that none of the pj's is an eigenvalue of the matrix A. In this case we assume that 

Pj - Mfe ^ Z for 1 < j < 2, 1 < /c < g (3.5) 



in addition to (|3.ip - (|3.4p . The system \1A\ is a Fuchsian system with singularities x — ti, . . . and 00. 

Note that 

^ Plln 

P2ln. 



A, 
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The Riemann scheme of the system (|1.4[) is 



0(ni) 



0{np) 



X = tp^i X = oo 

(n) - pi (n) 

Pi + P2 - Ml ("^i) - P2{n) 



. Al,ri ••• Ap,^^ (£p,rp) Pi+ P2~ tJ-q{mq) 

where A {t) denotes an exponent A with its multipUcity £, and fii = 2n — rii (1 < « < p). 

Applying the general theory of local solutions near a regular singular point (e.g. [71 Chapter 1]), we have 
the following theorems. We use the notation 

£m(fc) = the fc-th unit to- vector. 

Theorem 3.1. For 1 < i < p, 1 < k < ri, 1 < h < ii^k there exists a unique solution of the system ( | J.^l ) of 
the form 

oo 

Uu,kAx) = {x- ti)^-" J2 Gu,k,h{niKx - t.r 



711 — 



with 



GtiM,h{0) = £2n{ni H h rti-i + £i,i H V li.k-i + h) 



which is convergent for \x — ti\ < mini<fe<p-|_i.fe^i \tk — ti\. Besides, for 1 < k < q, 1 < h < nik there exists 
a unique solution of the system of the form 

oo 



m=0 



with 



Gt^^i,k.hW = e2n{n + mi -\ h mt-i + h) 



which is convergent for \x — tp+i| < niini<fe<p \tk — ip+i|- 

Theorem 3.2. For l<i<2, 1 < h < n there exists a unique solution of the system \1.4\ of the form 

Uoo,j,h{x) = — — ) ^ GoojJi(?- 

^ ^ ' ^ ra—0 

with 



X ~ t 



P+i 



GoojJi(O) = {Ap - Pj'l2n)£2n{n + k) 
P 



which is convergent for \x — tp+i| > maxi<fc<p |ife — ip+i|. 

3.3 Reducible case (i) 

Next, we treat the case that one of the pj's is an eigenvalue of the matrix A. Put 



and assume that 



P2 = /ig 

Pi ^ M*: ^ ^ fo'' ^ "Sik < q 



(3.6) 
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in addition to p.ip - (|3.4p . In this case the coefficient Ap has the form 



A, 



v4 J5 










, A'p eM{2n~mq;C), 



and the system (|1.4p has a soiution of the form U 
2n — m„ 



U' 



Here U' satisfies the system of ONF of rank 
'T 



tln- 



(3.7) 



Note that 



A^P 



X = oo 

- pi{n- ruq) 

- ^5 (n) 



\ fJ.qIn 

The Riemann scheme of the system (|3.7p is 

•37 — ■ • • — — 

OK) ••• 0(n;) 0(n) 

Ai,i (^i,i) ••• Ap,i (^p,i) pi + ^iq - fix (mi) 

. Ai^n (^l.n) ••• Ap,rp (^p,r_p) Pi + fJ-q - fJ-q-l {mg-i) 

where n'^ = 2n ~ niq — rii {1 <i < p). 

Theorem 3.3. For 1 < i < p, 1 < k < ri, 1 < h < £i^k there exists a unique solution of the system l\3. 7D of 
the form 

oo 



m=0 



with 



G'u^k,hiO) = £2n-,n,[ni H h 71i_i + H |-^i,fe-l + h) 

which is convergent for \x — ti\ < mini<fe<p-|_i.fc^i \tk ^ ti\. Besides, for 1 < k < q — I, 1 < h < mk there 
exists a unique solution of the system l\3. 7p of the form 

oo 



m=0 



with 



G't^+uk,hi^) ^ £2«-m,(n + mi H h ruk-i + h) 

which is convergent for \x — < mini<fc<p \tk — ip+i|- 

Theorem 3.4. For I < h < n — mq there exists a unique solution of the system l\3. 7p of the form 

/ , ^ -pi oo / 1 \ 

\x-tp+ij \x-tp+i) 

with 



Besides, for 1 < h < n there exists a unique solution of the system ^3. 7[ ) of the form 

/ I \ ^f^i °° 



X — tp+] 



oo . ^ 
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with 



(A'p - Pil27i-rnj£2n-m,{n + h) for I < h < n ~ nig, 
' ' ' jor n — niq + 1 < n < n. 



Or, 

The series are convergent for \x — tp+i| > maxi<fc<p \tk — 

3.4 Reducible case (ii) 

Lastly, we treat the case that both of the p^'s are an eigenvalue of the matrix A. Put 

Pi = P'q-i and P2 = Hq 
with the conditions (|3.ip ~ p.4p . In this case the coefficient Ap has the form 

/^'; ^ 

, Ap eM{2n-mq^i-mq;C), 



Ap = 



O 



PqIm.g-1 



and the system (ll.4p has a solution of the form U 
rank 2n — m^-i — niq 



U" 



{xhn-mg^i-m^ - T") -j— = ApU" , T" = 



Note that 



A'i, 



The Riemann scheme of the system (|3.8p is 



OK') 
Ai,i(4,i) 



P-q-lIn- 



X = t 



. Here [/" satisfies the system of ONF of 

(3.8) 



tin- 



P'qin- 



p+1 



X = oo 

Oin'p) 0{n) - p.q-1 {n - niq) 

Ap,l p,q-l + pq - pi (mi) - pq{n-mq^i) 



. Ai.n (^l,ri) ■ ■ ■ Ap^rp (^p,rp) Mq-l + Pq- Pq-2 

where n" = 2n — rriq^i — niq — ni (I < i < p). 

Theorem 3.5. For 1 < i < p, 1 < k < ri, 1 < h < £i^k there exists a unique solution of the system ^3.8^ of 
the form 

oo 



m=0 



with 



Gt^,k,hiO) = e2n-m,_i-m,(«l H h "i-l H h + k) 

which is convergent for \x — ti\ < mini<fe<p-|_i.fc^i \tk — ti\. Besides, for 1 < k < q — 2, 1 < h < rrik there 
exists a unique solution of the system l\.S.8\i of the form 



with 



Km^^) = - ^1)'^'-^+'^'"'^'' E Gl^uKh{m){x - tp+,y 



Gt^+uk.hiO) = e2n-mq^^-mq{n + mi H hmfe_i + h) 

which is convergent for \x — tp+i| < mini<fc<p \tk — ip+i|- 
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Theorem 3.6. For I < h < n — niq there exists a unique solution of the system l\3.8\i of the form 



X — t 



p+l 



m=0 



X — t 



p+l 



with 



{Ap - /ig/2ri-m,_i-mje2n-m,_i-m,(»^ + h) forl<h<n- m,_i - Ulq, 



for n — TOq-i — rUq + 1 < h < n — rUq 



Besides, for 1 < h < n — niq-i — nriq and n — rUq + I < h < n there exists a unique solution of the system 
dm of the form 



1 



X ^ t 



p+l 



1 



X — t 



p+l 



with 



[Ap - Mg-l-^2n-m,_i-mj£2n-m,_i-m,("- + h) for 1 < k < n ~ TUq^i - TUq, 

The series are convergent for \x — tp+i| > maxi<fc<p \tk — 



for n — niq + I < h < n. 



4 Solutions of the underlying system 

Let us fix a complex number 770. We define t'^ {I < i < p) hy 

1 



and define 



/t'llni 



ti — tp+1 



r 



t' T 



V 



ip^np/ 



Using this T' and the matrix A in the system ()1.4p . we set up the system of ONF 

{Cin-r)^ = ipi,, + A)w, 
d( 

which we cah the underlying system associated with the system (|1.4p . 

We define the assignment of the arguments 9[ = arg(i^ — Vo) (1 < i < p) by 

= -arg(tj -tp+i) 



(4.1) 



(4.2) 



Moreover, we set 

(^'00 = -^p+i- 

Note that the satisfy 

C < < < • ■ ■ < ^2 < < C + 27r. 
In addition to the assumptions p.ip - p.4p we assume that 

f-ji \,k — [ij ^TL for l<i<'?, l<j<P, l^fc^J'z 
Moreover, we assume that the parameter p satisfies 

P + \,k ^ Z for 1 < i < p, 1 < fc < Ti. 



(4.3) 
(4.4) 
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4.1 Nonholomorphic solutions near singular points 

The Riemann scheme of the system (|4.2p is 

( C = t[ 

(n — ni) 
P + Ai,i(4,i) 



O(n-np) -p-^i(TOi) 
P + Ap,i(^p,i) -p-^l2{m2) 



. P+M.r^{h.r^) ■■■ P + \.r^ {ip,r^) - p - Pq (mq) ^ 

Theorem 4.1. For I < i < p, ^ < k < ri, 1 < h < £i_k, there exists a unique solution of the system y.gp of 
the form 

wt'^,kAp-X) = iC-td'^'^^" £ r(^^'^t^'itl^ M H{^){C~t[r (4.5) 

^ r(p + A,:,fe + 1 + m) ' 



m=0 



with 



9t[,k,h{Q) = £n{ni H h ni„i + i^^i H h + /i), 

which is convergent for \C, — t'j\ < R'^, R'^ denoting mini<fc<p |t'^ — t'^\. 

Theorem 4.2. For l<fc<g, 1<^< mk, there exists a unique solution of the system ( |^.g[ ) of the form 

T[~p- fik +m) 



Woo,k,h{p] C) 



1 



E 



-goc,k,h{'m) 



1 



(4.6) 



with 



gcx>,kJii^) = P^nimi H h mfe_i + ft.), 

which is convergent for |C — f?o| > -R^, i?^ denoting maxi<fc<p — ryol- 

Remark 4.1. The coefficients gt'.,k,h{m) ^nd goo,k,h{'m) for m = 0, 1, 2, ... do not depend on p. 
Set 

T'' = C \ |J{?7o + - %)s I 1 < s < c^}. 

1=1 

In V' we specify the branch of ujt'.^k,h{p'i C) by the assignment of argument 

arg(C-i:)e (&:-27r, e[) 

for 1 < i < p. 

Theorem 4.3. Assume that p' — p ^ Z>o m addition to \4.4\ for p and p' . For C G 'P' we have 

^{p- p Wyp + M,k + i) Jt' 



(4.7) 



(4.8) 



where the path of integration is a segment or a curve in V' with initial point t[ and terminal point C,, and 
the branch of the integrand is determined by the following assignment of the arguments 

arg(C - t) = arg(T - t\) = arg(C - t-) 



for C sufficiently close to t[ . 
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Proof. It suffices to prove (I4.8P for ( near t,-. Set 



"(C) =/ (C-T)''-'''-ii;;t;,fc,,(p';T)dT. (4.9) 



t'. 



By the way similar to (|1.16p we can easily see that u{() becomes a solution of (|4.2p . Substituting the 
expansion (|4.5p with p replaced by p', we have 

Changing the variable of integration r to s by t = + (C — i^)s, we obtain 

(C - ry-" -\t - t[)P +^'.''+™ dr = (C - / (1 - sf-P -\sP +^-''+™ ds 







(r - f'\p+^^ r(/3 - p')T{p' + A,,fc + TO + 1) 

r(p + A,,fe+m+l) 



and hence 

u{0 



r(p + Aa. + l) ,^„r(p + A,fc + l + m)^*-^-'''^™^^^ '''^ 
This implies (g^. □ 

4.2 Holomorphic solutions in the plane cut from one singular point 

Set 

P,' = C\{77o + (i^-?7o)s| l<s<oo} 

for 1 < i < p. 

Theorem 4.4. For 1 < i < p, 1 < A: < r^, 1 < ft, < ii^k there exists a unique solution Wt'.^k,h{p]0 of the 
system ( [^.iip such that 

Wt'..k,h{p'iC} is holomorphic inV[, 

wt'„k,h{p; = wt'.,k,h{p; C) + liol(C - t'j) near ( = i-. 

Theorem 4.5. Assume that p + pk ^ 2>o for 1 < k < q. Under the specification ^4- 7| ) we have 

**^M.(P;C) = -TT^ , / (C-^r''~W,.,.(p';r)dr (4.10) 

for e Vl, where the path of integration is the ray from t'^ to oo along the right-hand side of the cut 
aig{C,—t[) — 9[, and the branch of the integrand is determined by the following assignment of the arguments 

r arg(r - t'^ = 9',, 

\ arg(C-r)e [arg(C-t:), 0^-^]*, 
[a, /?]* denoting the interval [min(a,/3), max(a,/3)]. 
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i) oo ii) 00 iii) oo 




Figure 4.1: Deformation of the path t'^oo 



Proof. Set 



Similarly to the integral (|4.9p in the proof of Theorem 14.31 we see that u{() becomes a solution of (|4.2p . It is 
trivial that u{C) is holomorphic in V^. In order to find the behavior of -u(^) near C = we shall analytically 
continue it along a circle of center t[ with sufficiently small radius in the positive direction. The analytic 
continuation is found by deforming the path of integration as ( travels along the circle. Figure |4T] illustrates 
the deformation of the path of integration. From the last picture of Figure 14.11 we see that the analytic 
continuation of u{C) leads to 



{2(C) + (^e^-^(p-p') - l) e2-V^('''+^'.^)u(C), 



where u{() denotes the integral (|4.9p in the proof of Theorem 14.31 

On the other hand, when we analytically continue Wt'.,k,h{p\ C) along the circle, we obtain 

wt'^,k,h{p-^ + (e2-v^(''+^-'=) - l) C). 

So the solution defined by 



e 



2tt- 



^^ip+'^^.'') - 1 r(p + A,,fe + i) 



is not only holomorphic in V'^ but also single- valued near C = ij, and then must be under the assumption 
Lastly, using the formula of F-function r(z)r(l — z) = — , we obtain (|4.10p . □ 
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(a) (b) 
Figure 4.2: Paths of the Laplace transforms 

4.3 Connection coefficients for the underlying system 

In this subsection we explain the dependence on p of connection coefficients for the system (|4.2|) . The 
following results are due to R. Schafke. See his papers and [13] in detail. 

First, we consider the connection coefficients between solutions near finite singular points. In V\ under 
the specification (|4.7p . let us express Wt'._k.h{p] C) by a linear combination of solutions near ^ — t'^^ {v ^ i) as 

wt[,k,h{p; O^Y^Y. <'K:kM^kMip>ti:k:h{p-^ + Mc - O. (4.ii) 

k=l h=l 

Theorem 4.6 ([13l (3.6) Satz]). We have 



e 



T(p + A,,fe + l)r(-p-A^^^) 



Ct'„,fc,M,fc,/.W - r(A,,fc + i)r(-A^,^) ^ "^K^M^k^h (4-12) 

forl<i^v<q, l<k<ri, l<h< £,^k, l<k<r^, l<h< where c^,^'k.h;t[,kM = Ct'^,Lh;t[,k.h^^)- 

Proof. Let L^^ (resp. L^j^) be a curve in V' starting from t'^ and going to oo along the left-hand (resp. right- 
hand) side of the cut arg(C — t^) = 6^, and the Hankel loop in V surrounding the cut arg(C — t'^) = 0^ 
with sufficiently small radius (see Figure l4?2l (a)). For | argz + dl\ < tt/2 we define 



y^'.Kn^K^.-^^) - r(p + A,. + i) J^^f''^t',.kAp-X)dC, 

^) = (l-e--v-T(p+C)r(, + A,, + l) L 
It is well known ([2], [6], [1]) that these satisfy the system of Poincare rank one 

z'^^^-{A + zT')y, (4.13) 

which does not depend on p. Moreover, yti k h{L^^]z) and yt' ^k,h{H^; z) themselves do not depend on p. 
Indeed, substituting (|4.8p and then reversing the order of integration, we have 
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where Lf^{T) denotes the subpath of Lf^ from t to oo. Since 



we have 



which means that yti.,k,h{L^ ^] z) does not depend on p. As for yt'^^k,h{Hu] z), using the representation 



yt'^.kJi(Hy]z) = — — — — / e ''^Wti,kAP'X)dC, 



Now let us consider the difference of yt'.,k,h{Lf^] z) and yt'..k.h{Li i,]z). Substituting (|4.1ip into 



we can prove its independence from p similarly to yt'.,k,h{L^ ^; z) 

-»>;^) and yt[,k,ax^^^^ 

yt[,k,h{Ll^\ z) - yt[,k,h{Ltu^ z) = Y(p + \ k + 1) Jh 

we have 

(l-e-2-v^(p+^.,s))r(p + A^j + l) 

yt',,k,h{L^^u■: - yt[M^{L^,u■^ = 1^1^ Ffp+A, fc + 1) ' ^t^ IM^AP^Vtl ■.^(^1'; z) . 

k=l h=l 

Since the yt' ^k,h{H,y; zYs are linearly independent, the coefficients must be uniquely determined and hence 
not depend on p. The equality of the coefficients and those for p = leads to (|4.12p . □ 

Next, we consider the connection coefficients between solutions near a finite singular point and ones near 
infinity. Set 

r'^C\(^ \JiVo + {t[ - Vo)s I < s < 1} |J{ryo + se^«- | < s < cx.}^ . 

For C e "P' we determine the assignment of argument of — 770 and C ~ (1 5: i < p) as 

rarg(C-r;o) G {9'^, e'^ + 27r), 

\ arg(C - t'i) e -n,el + n) near C = t',. 

In V' let us express Wf' k fi{p; C) by a linear combination of solutions near ^ = 00 as 

q "ifc 

Wt^kAp-^ O^J2J2 ''oo.kM,k,h(p)^oo:k.hip-^ 0- (4.14) 
fe=i h=i 

Theorem 4.7. We have 



Coo,;,m;,m.H^'-1) = (4-15) 
forl<l<q, l<h<mi, 1 < i < p, I <k <r,, l<h< £,^k- 

To prove this theorem we prepare a lemma. We denote by [ ]m the m-th row of a matrix or the m-th 
component of a column vector. 
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Lemma 4.8 (cf. [H Proposition 3.1]). Suppose that all of the residue matrices Ai (1 < i < p) of a rank n 
Fuchsian system 



satisfy 



for n' + 1 < m < n' + n" , 



where n' + n" < n. Then for n' + I < m < n' + n" the m-th component of any solution of this system is a 
constant. Moreover, if the analytic continuation of a solution u{() along a closed curve encircling a singular 
point coincides with itself multiplied by a constant different from 1, then the solution u(^) satisfies 



[u{C)]jn = forn' + l<m<n' + n" . 



Proof. Trivial. 



□ 



Proof of Theorem \4.7\ By direct calculation we see that u(() = P ^{Cln — T')wti.^k,h{^lH ^ 1; C) satisfies the 
system 

du 

dC 



where the matrices Bi are defined by P^HCIn ~ T')-^P = YJl=i -^Bi. Hence by LemmalU we have 

[p-\CIn ~ r)wt,^,j,{-fM - 1;C)],,„ = 
for mi + • • • + m;_i + 1 < to < toi + • • • + to;. Similarly, for k ^ I we have 



= 



for TOi 



m(_i + 1 < TO < TOi 



TO;. On the other hand, we have 



p-\CIn-T')w^,J^{-^ll-l;C) 



= 1 



for m = TOi + • • • + TOi_i + h. These facts and the (mi + • • • + to;_i + h)-th component of the relation (|4.14p 
with p = - 1 multiplied by P~^{CIn - T') lead to (|4J5| . □ 



Theorem 4.9. Assume that p + fJ,k ^ Z>o for 1 < k < q. We have 

r(p + A,,fc + i)rOi^ + i) 

^oc,k,h-t'^^k,h(P) + Atfe + l)r(A,,fe + lfo°,k,h-t'^,k,h 

forl<k<q, l<h<m~^, I < i < p, I < k < n, l<h< ii^k, where c^zr = c^.fe./i;t'.fe,h(0) 



(4.16) 



Proof. Let M~ (resp. M^) be a curve in V' starting from t'^ and going to oo along the left-hand (resp. right- 
hand) side of the cut arg(^ — 770) = 9'^, and Hoo the Hankel loop in V' surrounding the cut arg((^ — 770) = 6'^ 
with sufficiently large radius (see Figure l4?2l (b)). For | argz -I- 6*^1 < tt/2 we define 



Vt'k,h{Mi ;z) 



r(p + A,,fe + l) 



e '''^Wt'kAP'^OdC,, 



Mr 



yt'^,k,h{M+;z) = — — — — / e ^^wt' kAp-X)dC 

1 (p + Aj,fc + 1) Jm+ 

r(-p-Mfe)z''+i 



yoo.k,h{Hoo]z) 



_]_g7rv^(p+^ifc + l) 



e ''^Woo,k,h{p;C)dC- 



Hex 
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These are not only solutions of the system (|4.13p but also independent from p. The independence from p of 
Ut'. kjiiM^] z) can be proved by the same way as that of yt'.^k,h{Lf^] z) thanks to 



e'^'-iC, - ry-P' dC = V{p - p')zP -"e^^^ 

"'■(C - t)p-p'-^ dC = e'^'^'^^P-P'^rip - p')zP'-Pe''\ 

Mtir) 

where M^{t) denotes the subpath of AI^ from t to oo. As for yoo,k,h{Hoc', z), substituting (|4.5p and then 
integrating term by term, we have 



Mr(r) 



Since 



He 



r(-/9 - /ife + m) 



we obtain 



m=0 



which docs not depend on p. 

Now let us consider the difference of e'^'^^^^Pyt'.^k,h{M^; z) and yt'.^k,h{M~ ; z). Substituting (|4.14[) into 



yt',k,hiM^; z) - yf',fc,/i(M- ; z) = 



rP+i- 



r(p + A,,fe + l) Jh^ 



wt'.k,h{p'' ^c, 



we have 



e^^'-^-^Pyt'^^kAM+'^z) - yt'^^k.h{M~;z) ^ X. r(-p - ^fc)r(p + A, fc + if oorkM^k,hiP)yoo:kMiH<>c>;z). 

k—l h—1 

For any I, 1 < I < q, replacing p by — /i; — 1 in this formula and subtracting the resulting formula from this 
formula, we find 

h—1 

+ a linear combination of y^ ^ }^{Hoo', z) for k ^ I 
by virtue of (|4.15|) in Theorem 14.71 Since the y co, k, h{H ca] zYs are linearly independent, the quantity 



I , _ e'"^^'r(p + Mi + 1) .^ 

l,h;t{,kMP) — -p^„ , ^oa,l,h-t'.,k,h\P) 



(e2-y^P _ e-2.y^M, )r(-p - Mi)r(p + Kk + 1) T{p 
must be uniquely determined and hence not depend on p, which leads to (j4.16p . 



□ 
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Vo 

Figure 5.1: Paths of integration 



5 Integrals associated with the solutions of the underlying system 

For 1 < i < p we set 

07 = max(6',;+i + (5, 6*^ - tt), 

where 6'q = 9'^_ + 2tt, O'^^i — 6'^, and (5 is a sufficiently smah positive number, and set 

5r={C|arg(C-r,o)e(0r,^O}, 
5:+ = {C|arg(C-??o)e(e:, 0+)}. 

For ^ e S'{^ we consider the integrals 

w^i£5K,-2;o = (p-?^;jrT^)) |^'(|f^)"(c-^o)---^z«.»,,M.(--i-i;c)rfc, (5.1) 

where i^i, V2 are complex parameters, a,b Cz {^, i^, oo}, a b, sing — t[ or cx3. The path of integration for 
'^sfng kh Segment or the ray ab from a to 6 indicated in Figure ISTTI Among the twelve possible choice 

of combinations of sing and ab we investigate the following seven cases: 

" oo,k,h 1 " oo,k,h ' " oc,k,h 

For ^ S we determine the assignment of argument of ^ — as 

arg(e - i',) e - TT, 00 for^e^r, 
arg(e - i'J e (^^: - 27r, ^.^ - t:) for ^ G 5^+. 

The branches of integrand of W^f^ '^'^^ along ab are determined by the assignment of arg(^ — C), arg(^ — 770) 



and arg(C — t[) tabulated in Table lOl or 15.21 Similarly to the integral (|2.8p in Proposition [231 the integrals 
(|5.ip satisfy the system 
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Table 5.1: Assignment of branches in case ^ G S'^' 





arg(C - C) 


arg(C - m) 


arg(C - ii) 




V' 




Wi-^,Xi] 




Xi 




Xi 








6'i-^ 








O'i 




Ip + 'JT 






r?ooo 










i> = arg(^ 








Xi = arg(^ 






Table 5.2: Assignment of branches in case ^ e Sl'^ 




arg(^ - C) 


arg(C - r/o) 


arg(C - i-) 




V' 


V' 






Xi 








- 27r, x^] 








[Xr,0[-^) 




o'i 




-0 — TT 










<^.+ 






V' = arg(C - 


^o) e (^^, </)+), 






Xi = arg(^ - 




-tt). 
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5.1 Integrals associated with the solutions near finite singular points 

We use the notation 

sf = {'70 + (<: - Vo)-s \-seJ} 

for J — [0, 1], [1, oo), and so on. 

Theorem 5.1. Assume thatvi ^ Z<o and 1^2 ^ Z>o. The analytic continuation of the integral wj^f'j^ 1^2 
across the open segment into S'f^ coincides with the integral wjfj^i^^^'°^\i'i,h'2',(,)- Moreover, as 

i — > Vo, C e S^- U U Sl+, we have 



(5.4) 



Proof. The equaUty of the analytic continuation of W^fj^ /i'"'^^ the integral W^fj^ z^'"'^'* follows from the 
continuity of the arguments arg(f — arg(C — rjo) and arg(^ — <■) in U U 5^'^, where we define 

arg(^ - C) = arg(C - m) - 0[ and arg(C - - 0^ - vr for ^ G 

Note that Wt'^k,h{—^i~^', C) is holomorphic for ( e C\1J^^^ where we specify 0'- — 2Tr < arg(C— i-) < 

Provided that |C — 770I < mini<fc<p — 770I, we expand Wt'.^k,h{—vi — 1; C) in powers of ^ ^ ilo'- 

00 

- 1; C) = E aZk^hi-^^ - 1; ™)(C - 

Substituting this expansion into wf^, ^^"^^ {vi, 1^2', obtain 



^ ' m— 



Changing the variable of integration ^ to s by C = 770 + ~ '7o)s, we obtain 



Jo 

_ r(z/i + l)r(m - _ ryo)"""' 



r(m + - + 1. 
Then we have 

which leads to (|?^ . □ 
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Theorem 5.2. Assume that ui ^ Z<o and vi — Xi_k ^ Z>o. The analytic continuation of the integral 
wjf^ if'^^\i'i,iy2'-,£,) across the open segment Y]f''^'^ into S'f^ coincides with the integral wjf'i,if^^\i'i,i^2',0- 
Moreover, as ^ — > t'^, ^ & 5'" U U 5'+, we have 



w^^''^-'<^h,y (f' „ x-.i-., r(;yi + i)r(A,,fc-t^i) 

X (C - Af'-" {£2„(ni + • • • + + £,,1 + ■ • • + ^»,fc-i +h) + 0(e - i^)} . 
To prove this theorem we prepare a lemma. 
Lemma 5.3 Proposition 2.5]). The integral 



(5.5) 



where w{—vi — 1; C) *s ^ solution of H4-'^h satisfies 
provided that 



(C " C)''^ (C - %)-''^ (a« - r)w{-iy, - 1; C) 



= 0. 



(5.6) 



(5.7) 



Proof. Since 



we have 



^1 



a £,-V0 

b r 

1^1 



- C)/n + (an - T')} 



^ - '70 



-i<In-T') — 



iC-Vo)-'''wi^iy,~l;OdC 



MC - Vo^wi-j^i _ 1; ^) + _ {(( „ ^o)--2 _ T')«;(-i'i - 1; 0} 



dC 



+ (e - r/o)-''^ (e - cr (c - %)-''^ (an - r)w{-,y, - 1; o 



A(?7o/n - r)v{0 + {V2ln - A) 



/a V^-?70 

which leads to (|5.6p . Here we have used (|5.7p and 



(C - '7o)-''^-'(an - r')^(-^^i - 1; C) dC, 



{{C~my{Cin-T')w{-u,-i-X)] 



= -i^2{C - Voy^-'iCIn - T')w{-yi - 1; C) + (C - mr^'iA ~ v^In)w{-yi - 1; C) 

= -(C - my^'^ {A{rioIn - T') + {U2ln - ^)(an - T')} w(-vi - 1; C) - i^iiQ - vo^wi-iyi - 1; C) 



in the last equality. 



□ 
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Proof of Theorem 15.^1 The equality of the analytic continuation of W^, I and the integral W^, 

follows from the continuity of the arguments arg((^ — (), arg(C — 770) and arg(C — t'^) in S'f' U I^f^'^^ U 5-^, 
where we define arg(^ — — 9[ — tt, arg((^ — 7/0) = (^t and arg((^ — t[) — 9[ — t: for ^ e S . 
Applying Lemma 15.31 we have 



Provided that l^f — < min^^i \t'^, ~ i'^j, substituting (|4.5p with p = — j^i — 1 and 



o 

{V2ln-A)) ' 



we obtain 



where the initial coefficient is given by 

= -{ti - m)'^2n{ni H h rii-i + ii^i H h ^i^k-i + h). 

Changing the variable of integration C to s hy C, ~ t[ + — t[)s , we obtain 

i^-voy^i^'tT^'^Ht'^-vo)-"'-' f\i-sr (i--^^s) 



where arg(<' — 770) = 9', and hence arg 1 ^ \s ] e [0,ip ~ d'A C (— 7r,7r). So the integral on the 

right-hand side is expressed by the Gauss hypergeometric function as 

r(7^i + i)r(TO + Ai,fc - T^i) fm + Xi^k - 1^1, + 1 ^-t't 

-2^1 



r(7Tl + Ai,/c + 1) V + + 1 ' 110 -t'l. 

Then we have 

wg^f (7.1, 7.2; = r(7.i + m- vo)-"' it', - vo^'^'i^ - tD'*''" 

r(77i + Ai,/c + 1) ' V 7T7 + Ai,fc + i vo-t'j 



Combining this with - 770)""' = (i- - 770)"''' (l - -^^ — , we have dHS]). □ 

We next consider the integrals W^f^, h'"*'^ (t^i, 1^2] f); which make sense if ^ is in C \ Tif'^K 

Theorem 5.4. Assume that 1^2 ^ Z>o and vi—\i^k ^ 2>o- integrals W^f^ ('^ii ^2; £,) o,re analytically 
continued to a 2n-vector function that is holomorphic and single-valued inC \ Tjf'^K Moreover, the integral 
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(a) 



m 
(b) 



Figure 5.2: Deformation of the path 770^^ 



Wj, i. {1^1,1^2] coincides with the integral W^, ^ {1^1 ,1^2:0 multiplied by g^^v^'^i . Besides, near 
C = i'i; C G we have 

^t'A// • ('^i,i^2;0 = -— T W^t'i,/. ('^i'^2;0 + hol(e-iO, (5.8) 

where the double-signs correspond. 

Proof. It is trivial that wjf^ h'"*^^ (^ii ^2; holomorphic in ^ e C \ S^*^'^'. Since the factor 



is single-valued in ^ e C \ sf for ( e sf '^1, VK.ff^'"'*^^ (i^i, 1^2; is also single-valued in ^ e C \ sf 

If we extend the assignment of the arguments arg(^ — i-) and arg(^ — (;) for ^ e 5-^ into 5-^ US-^'°°'' U5-^ 
continuously, then for ^ e 5^'^ we have 

f arg(e - to e +^), 

\ arg(e - C) e [arg(C - arg(e - t'J] C {616', + n). 
On the other hand, the assignment of arg(^ — () for wj^^j, prescribed in Table [5T2l satisfies 

arg(C - C) e - 27r, x^] C {d'^ - 2^, ^.^ - tt). 

This means that the analytic continuation of W^f^, across the ray 1]^^'°°-' into 5^'^ differs from W^l"^^ z^**"*'^ 
in the multiplier factor e^^^^^'^i. 

To find the behavior of wfl ^''°*''\i^i,iy2;0 

near = t,^ we analytically continue it along a circle of 
center t'^ with sufficiently small radius in the positive direction (see Figure [5T2l (a) for W^fj, ^^^^'^ or (b) for 
W^fij^ ^'"'*'^). Carefully tracing how the arguments change along the path, we obtain 
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where = 1 for Vt^^ff while e+ = e'^""^^^^-"-"^^ for 1^4^^''°*'^ This means that 

near ^ = t^, which leads to (|5.8p . □ 
Now we shall investigate the integral W^fi, ff^°°\i'i, V2',0- Define the integral 

where Wt'..k.h{~'^i ~ 1; C) is the solution of the underlying system (|4.2|) with p = —vi — 1 stated in Theorem 



Theorem 5.5. Assume that vi ^ Z>o, vi — Xi^k ^ ^>0; 1^2 ^ ^<o, '"^'^ ^^2 ^ A*; ^ ^<o /c"' T'^e 
analytic continuation of the integral wjf^^ if 1^2: £,) across the open segment Y^f''^^ into 5,-^ coincides 

with the integral W^., ^ ^ ' (z^i, 1^2! 0- Moreover, the integral W^, ^ ^ ' (1^1, ^2; multiplied by — fyo)"^^ *s 



holomorphic for ^ g T'l, where — C \ Y}^f'°°\ Besides, we have 

w^t^fe,/. (^1,^^2,0- r(:.2 + i)r(-j^i) '-'^'^ (^^2,^^1,0- (5.9) 

Proof. The equality of the analytic continuation of W^f^, and the integral W^f^, follows from the 

continuity of the arguments arg(^ — (^), arg(C — ?7o) and arg(^ — t-) in S'~ U S-°'^^ U 5-^, where we define 
arg(e -O^0',-n, arg(C - ,70) = e[ and arg(C - = for C € S,^^\ 

It is trivial that W^fj, if'°°'^ {ui, 1^2] multiphed by — r^^Y^ is holomorphic in C \ S-^'""-*. 

Set 

r fr-^) '(C-^o)-''^-'*ti.fc,/.(-i^2-i;C)dC 

Substituting the formula (j4.10p with p = —1^2 — 1 and p' = —vi — 1 into u(^) and then reversing the order 
of integration, we obtain 

^^^^ _ e'^^('-i-^--fc)r(;/2 -vi + l) 

r(j^2 - A,,fe + i)r(A,,fe - z/i) ^^^^^ 

where arg(C-T) e [x^ , 61.; - vr] * C [e[-2TT,e[). Setting C-r = e-'^^^(T-C) and C = ?7o + - t7o)s, we find 



1 / „ \ I'l— 1^2 — 1 
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where arg(T — 770) = 9[ and arg ( 1 — -^^ — ) G (— tt, tt). So the integral on the right-hand side is expressed 



T-770 

by the Gauss hypergeometric function as 

V{V2 - Vl + l) \ V2~ + 1 ' T - rjo 

which is reduced to 

r{i^2 + i)r(-i^i) / e-^(e - r) y 



r(i^2 - z^i + 1) \^ -r - 770 J 
where arg(C - t) e [xi, 6*^ - tt]* C (6*^ - 2tt, e[). Thus we have 

Jno \^ - ''10 J r(t/2 -1^1 + 1) V? - %y 

Substituting this formula into (jS.lOp . we have 

niy2-Kk + mhk-i^i) 

This implies (US]). □ 

5.2 Integrals associated with the solutions near infinity 

Similarly to Theorem 15. 11 we can prove the following theorem. 

Theorem 5.6. Assume that vi ^ Z<o and V2 ^ Z>o- As ^ — > rjQ, ^ e , we have 



Tiui + i)r(-z/2) / P 



f {v.In- A') ^"'(^0^" - T')w^.k,h\s[^ (-^1 - 1; ^0) + O (e - ?/o)| , 



T{vi -V2 + I) 

where 'Wao,k,h\s'±{~i^i ~ 1;C) denotes the analytic continuation of Wao,k,h{^i^i — 1;C) ''^^0 a neighborhood of 
C = rjQ through the sector (the double-signs correspond). 

Proof. Omitted. □ 



Theorem 5.7. Assume that vi ^ Z<o and V2 — fJ-k ^ ^<o- The analytic continuation of the integral 

ito S'l^ is eqi 

by e^'^^'^i . Moreover, as ^ — > 00, ^ e S^^ U U 5-+, we have 



^o^fc h^^'^ ('^i' ^2' ^) across the open ray into 5^'^ is equal to the integral VF^'^, (I'l, 1^2! multiplied 



•^oo.feJi [^1,^2,1;) = 



r(i/i + 1^2 - M/c + 1) (5 



X (C - 770)''""'''"''' <! £2«(n + mi + • • • + mfe_i + /i) + O 
where the double-signs correspond. 



Proof. If we extend the assignment of arg(^ — C) for e S[ into 5- U ij 5^'+ continuously, then for 

^ e 5,-^ we have 

arg(^ - C) = -0 + 71". 
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On the other hand, the assignment of arg(^ — () for wj^\ prescribed in Table [5T^ is 

arg(^ - C) = -0 - 71". 

This means that the analytic continuation of j^^'^ across the ray into S^'^ differs from 

in the multiplier factor g^^^/^^i. 

Assume that |^ — jyol > niaxi<fc<p — 77o|- Substituting (|4.6|) with p = —vi — 1 into we 
obtain 

Allowing for the assignment of the arguments of ^ — ^, we have 

where arg(C — = arg(C — rjo) = ijj and the double-signs correspond. Changing the variable of integration 

C to s by C = r/o H we can easily see that the integral on the right-hand side is equal to 

s 

_ r(t/i + i)r(t/2 - fik + m + i) 

T{iyi + V2 ^ ^J-k + m + 2) 

Hence we have 

= _e=F^V^>'ir(i/i + 1) 

Voln -T' \^ T{vi -Hk + ni + l)r(t^2 - Mfc + m + 1) _ 

p-Hi,„ (r, A)) r(^i -^,k + i)v{ui + ^2 - + m + 2) a^^^^^^^^^^^ 



T^v^,.ip(^^ + 1) 



,r(i/i + j/2-A^fe + 2) V-(-'^i-'^2 + Mfc-i)p-V 

which implies (|5.1ip . □ 

Theorem 5.8. Assume that 1^2 ^ Z>o> '^2^t^k ^ ^<o and i'i+i'2^ fJ-k ^ 2- T'^e integral wj^\ 'f^"°°\i'i, 1^2', £,) 
is holomorphic for ^ G C \ {?/o + se^^^'^i \ s > 0}. Moreover, near ^ — 00, ^ € ' ™6 /lawe 

wLk,h (^1.^2-, 0= . — -^w^oo.U ('^i'^2;0 + iioi — — . (5.12) 

sm7r(/Xfc - i/i - j/2j \c,-r]oJ 

Here the double-signs correspond. 

Proof. It is trivial that W^^^;^°°°^ (i^i, J^2; is holomorphic in C \ {770 + se^"^? I « > 0}. 
To find the behavior of 1^2; 

near C = 00 we analytically continue W^^'j^ 1^2', 

along a circle of center r/o with sufficiently large radius in the positive direction. Then from Figure 15.31 for 
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ii) 





iii) 




Figure 5.3: Deformation of the path 77000 for ^ G 
ii) 00 / iii) 





is 



Figure 5.4: Deformation of the path ryooo for ^ S[ 



ao k h or from Figure [53] for W^}. ^fooo) ^-^^^ ^j^^ analytic continuation of W^'^. [y-^^^ C) 



1+ 



where 1 for W^^[, while e+ = e^'^^^f^'--''^) foj. This means that 



{S[ \r\aco) 



>,kJi 



iyi,i'2]C) + hoi 



near ^ = cx3, which leads to (|5.12p . 



5.3 Reducible cases 



□ 



The following proposition sophisticates Haraoka's result [H Proposition 3.3 and Corollary 3.2]. Recall the 
notation [ that denotes the m-th component of a column vector. 

Proposition 5.9. The integrals W^f^ k^hi^i^ V2\C) treated in Theorems \5. l[\5.'A\5.4\\5.b\\5.7\ and \ 5. 8\ satisfy 



'^sfnnk^hi^^^l^i'^C) =0 forn + mi-\ h m;_i + 1 < m < n + mi H h m; (5.13) 

J m 

except for W^^^^j^ (f^i. M^; M/^.fc,/i [vi, tik;t,), and 



W^fnnkhil^i^'^^'^O =0 forn + mi-\ h m(_i + 1 < m < n + mi H h m; (5.14) 
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except for W^^^i^''\fik, 1^2] 0, a, be {^,770,00}. 

Proof. We can apply Lemma [Ol to the integrals W^f^^ '^^^ {vi, 1^2', £,) except for j^^^i^i, fik-,^) and 

'^^!k,h"°°h''l,^J■k■,0, and obtain 

Combining this expression with the definition of A' and with the facts stated in the proof of Theorem 14.71 
we obtain (|5.13p and (|5.14p . respectively. □ 

6 Relations of the integrals 

In this section we investigate relations of the integrals defined in the preceding section, and then translate 
the relations to those for solutions of the system p.4p in the next section. 
We assume that 

^ Z for 1 < j < 2, (6.1) 

1^3 - K,k ^ Z>o for 1 < j < 2, 1 < i < p, 1 < fc < ri, (6.2) 

V.J - Aife ^ Z<o for 1 < j < 2, 1 < fc < q. (6.3) 

Theorem 6.1. For ^ e S'f' we have 

wg/°«>(.r,.2;0 - Wg7'«>(.i,.2;^) - = 0, 

<Kr'>(-i,-2;e) - <Lr'^K,-2;0 - <Lr°">K,-2;0 = 0, 

and for ^ G 5^'^ 

,-2.v-T..^^.oe)(^^^^^.^) - wg;^*-'^(-i,-2;C) - wg;-*^>(.r,..;e) = 0, 

<£r'^ (-1, -2; - <vr ^ (-1,-2; - <£r°°^ (-1,-2; = 0. 

Proof. Applying the Cauchy theorem to the triangles l\[rjQ,^^t'^) and A(77o, 00), we have 



and 



1^1 



9A(r;o,C,oo) 



1^1 



(C - Ti^y^-'wr.^kA-^i - 1; C) dC = 



(C- »7o)""'"'woo,fc,h(-j^i - i;C) dC = 0, 



respectively. Comparing the branches of these integrals and those of the integrals wjfj;^ il'^'^\'^i,'^2',£,) and 
''^ ('^i, ^^2; 0; can easily see that the relations above hold. □ 



Set 



('-^''-^'^)-- r(., + i)r(A.,-.o ^^^-^-^ 



(-i,-2;e) = r(A,.-.r)r(-A,.) ^^'^^^^ 



^i>,U = - r(., + i)r(., - + 1) ^-'^-^ 

v^,k,H K>-2,0 - r(^,_.,-.,)r(.,-^, + i)^-'=." ("1'"^'^)' 
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where the double-signs correspond. As a coroUary to Theorems 15.11 15. 2[ 15.71 and 15.81 we have the following 
theorem. 

Theorem 6.2 (of. [5, §7.4]). Each of the vj^^ k^h i'^i t '^2', ""^^^ altered if vi and V2 are interchanged. 

Proof. The integrals V^, ' {vi,V2](,) and V^, ^ ^' ' {1^2,^1] C) not only satisfy the system (|5.3|) but also 
have the same asymptotic behavior as ^ — > t[. This implies that the integrals coincide with each other. As 
for other integrals, the coincidence when vi and 1/2 are interchanged follows from their asymptotic behavior 
also. □ 

Remark 6.1. From Theorems 15.21 and [5?7l we see that V^f^^ k^h i^^^^'^'O ^nd its analytic continuation 
satisfy 

Vg[^^'^i^i,>^2;0 = ^l57''Vi,^2;0 for e e 5r u u S'+, 
V^^[r'''(j^^^-^^0 = for e e C \ Sf^^l 

€kr%i^-2;0 = for e e 5r u Ef'-' u^r. 

Rewriting the relations stated in Theorem 16. ll in terms of vj^^ kh^^'^^ ^2\£,)^ obtain 



„ . f^ ^ e^-^^-^T{vi + l)r(A,,fc - ^i) ,,{s^,^^e, 
+ 1) 

r(A,,fc - vi)V{~\uk) ^,{s'^;mA) 

r(-^i) 



^t'^,k,h {'^l,'^2A) + pQ. , _^ -|^| \,k,h {^l^^2,t.) 



and 



w(5.'*^')o?>. eT-v^'-ir(^i + i)r(^2-A^fc + i) (5:^;^;) 



(6.4) 



(6.5) 



where the double-signs correspond. 

Combining (|6.4p with (|5.8p and (|6.5p with (|5.12p . we obtain the following relations. 

Theorem 6.3. We have 

^t'.k.h K.'^2;C) = ^^7- 7 — T Vt',ih (i^i,i^2;0 + hol(e-i,) (6.6) 

/or ^ e 5-* near ij, and 

W^k,h (f^i''^2;0 = fTT- V^lj^ (z^i,i/2;0+hol - — — (6.7) 

^[Hk-V2) ■ ' V$ - ?/0/ 

for ^ e 5,-* near 00. 

Proof. Representing (|5.8p by vj"^^ /i '"'*'^ and V^^,"^^ '^e have 

^151^**'^ (^1' ^2; - (^1, c) + hoi(e - tD. 

Substituting this into (|6.4p . we obtain (16. 6p . Similarly, representing (15. 12^ by V^l. ^^"^^^ and V^^^ we 
have 

Kitr°°^-i,-2;0 = --)vf;0-«Vi,-2;O + hol . 

Substituting this into (|6.5p . we obtain p.7p . □ 
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In the relations (|6.4p and (j6.5p interchanging i^i and and then using Theorem l6.2l we obtain 

(6.8) 



^t'^,k,h ('^2,i^l,tj + f(^~^Tj:Y) ^t'^,k,h {^1,^2,^.) 



and 



fH^^ (^1,^2,0=0 



w^ooA. (-2,-i;0 + r(.i + - + 1) ^"''"^'^^ 



(6.9) 



where the double-signs correspond. Solving the simultaneous equations (|6.4p and (|6.8p with respect to 

^t'.'S'I'*'^^ and ^^j'^i^^^'"'*'^ , and (H^D and (EH) with respect to vl^0°°^^ and vj^^itr"""^ > ^e have the following 
relations. 

Theorem 6.4. For ^ e S'^^ we have 

„.c^- ^ e-^^^'^^• sin7rt/j-/r(A^,fc + 1) ,,,{Sl^:m>i) , 



and 



^■^1 sin7r(iyy - J^j)r(zyj + l)r(Aj,fc - Vj) 



sin7r(z/j- - [Vj + l)i [Vj, - ^fc + 1) 

where the double-signs correspond and j' denotes the complement of j in {1, 2}, namely, — (1, 2), (2, 1). 

Now, let us recall the connection formulas (|4.1ip in V' and (|4.14p in V' . Note that we have determined 
the assignment of argument of ^ — as 



arg(C-i'J G 

while 

arg(C - i ■) e I 
Theorem 6.5. For ^ e S^^ D we have 



( {e\ - 27r, e[) for c e V\ 

\{e'^-n,e[ + ^) forcep' 

(e^-TT, ^0 forCe^r, 

(0^ - 27r, - tt) forCe5:+. 



v;g/'«>(.i,.2;o = E E ^*u,,^.M^.,.^rii;?'^'^('^i'-2;o+hoi(c-i^+i), (6.12) 



k=l h=l 



and for £, e 5^+ n 5^1^ 

i^g;l:*^'^(^i,^^2;0 = E E c*:_,,fcM.fc.''^!SS"'^(^i'^2;0 + hoi(e-<:_i), (e.ia) 



k=l h=l 

where c^/ r, i j, = ^t'.,,k,h-t'k,h(^)- 
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Proof. We give the proof only for (|6.12p . Substituting (|4.11D with i/ = i + 1 and p — —Vj — l into the integral 

k=l h=l 

Here the holomorphy of the integral of the term hol(C — t'i-t^i) can be proven by representing the term as 
a linear combination of wt' .k,h{—i^j — 1;C) (^^ 7^ * + 1) ^-J^d then applying Theorem 15.51 Substituting this 
relation into (|6.10p and then substituting (|4.12p with f — i + 1 and p = —i^j — 1 into the result, we have 



sin7r:/jvr(i/j - X^^^ j^ + 1) ,,As:X,;noi) , 



= ^ ^ 5 sin.(.,,-^)r(^ + i)rM;';,,,) (-.,-.';0 + hoi(c-t:+i) 



I. I. 7^1 ™7r(i^jv - t/j)r(iyj 
fc— 1 n— 1 -i—^ 

Lastly, substituting (16. 6p with i replaced by j + 1, we have 



^t^fc,/. (^1,^^2:0 = E EE sin^(z..,-z..) ^..^M.fc./'^Ui.fe.^ (z^i,z.2;0+hol(e-i,+i)> 
fc=i i=i 

which implies (|6.12p since the identity 

E ^^^^^^^-^^^ = 1 (6.14) 
sm7r(:/j' - i^j) 

holds. □ 
Theorem 6.6. For E S'~ we have 

(-1,-2;?) -EE r(M,-.,)r(A^^-^2) ^-^^MA^^^.U + hoi — 

A:— 1 h— 1 



and for £, £ 



/+ 



(6.15) 



^tj.fc,. (^1,^2,0-e ■ EE T{pr^^,npr-U,) W.M^A.^oo,^,^ 

fe=i?.=i ^^'^ ' ' (6.16) 

hoi ^ 



- '70 

w/iere Cac,k,h-t'.,k,h ~ ^oo,k,h;t'..k,h(^) ■ 

Proof. First, we prove (|6.15p . Substituting (I4.14p with p = —Vj — 1 into the integral wfl. h'°^\'^j, 
we have 

q ™fc 

wi^j^^r"" = E E ^oo,s,^,;..,.(--, - i)<ir'^ e). 

fc=l h=l 

Substituting this relation into (|6.10p and then substituting (|4.16p with p = —vj — l into the result, we obtain 

T^(5r e-"^^"^ smn,^j,T{p~^ + 1) w^-^r ..n 

\k,H (^1,^2,0 - - EEE sin^(^^., _ r,^)r{u, + m^^-, - ^^f^W^^Kh^^^j,;^ (^^'^.sO- 
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(a) 



(b) 



Figure 6.1: Deformation of the path ryoC 



Lastly, substituting (|6.7p . we have 

k—\ h—1 j—^ 

hoi ' ^ 



which leads to (|6.15p by virtue of the identity (|6.14p . 

Next, we prove (|6.16p . Note that the assignment of argument of C — in S'f^ differs from that in V' . We 

analytically continue W^fli^^"^'^ and W^'/.l^"^'^ across the ray into 5^'"*". The analytic continuation 

is found by deforming the path of integration rjo^ to the path 7(770^) indicated in Figure [HT] (b), and the 
relation 

q ™-k 

k=l h=l 

holds. Here, from Figure [01 (b) we see that the relation 
holds. Besides, from Theorem 15. 71 we see that the relation 

W^Xh {vi,V2]0-e ^ 'W^oo,kh ('^l:^^2;0-W^oo,K/^ {vi,V2]C)=^ 

holds. Using these relations instead of the first and the second relations of Theorem 16.11 we can establish 
the relation (|6.16p in a similar way to (|6.15p . □ 

7 Connection formulas 

Taking account of the transformation (|2.4p . we see that the integrals 

„,(5,'±;afc), , 1 . ,JS[^-ab), 

sing ,k,n (pi,P2;vo 



become solutions of the system (|1.4D . We shall establish relations between these integrals and the local 
solutions Using. k,hix) defined in Section [3l and then rewrite the connection formulas among the integrals 

^singXh (Pj^Pf^O and V^^^g l^^f^ (pi,P2;0 by means of Us^ng,k,h{x)■ 
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From now on in the case that the endpoint b of the path ab is equal to ^ we omit ^ in the superscript, 
namely, we write 

^'t'-,k,h t[,k,h ' ^t'.,k,h t'.,k,h ' 

^(S.'±;r,o> ^ ^{S^^.VoO yiSl^;^) ^ y{S[^;^0 
oo,fc,^ Qo^k^h ' OQ^kJi oo, k,h 

For 1 < i < p we set 

'5,^ ^ {x \0i < arg(a; - tp+i) < min(6',:+i - S, 0^ + tt)}, 
= {x I max(6'i_i + S, 9i - tt) < arg(a; - tp+i) < 6i}, 

where 6*0 = dp+i ~ Stt. Note that G S[~ (resp. 5^'^^) corresponds to x € (resp. 5^^) through the 
transformation (|2.4p . 

7.1 Generic case 

First, we consider the connection formulas for the system (II. 4p in the case that none of the pj's is an 
eigenvalue of the matrix A. We assume the conditions (|3.ip - (l3.4p . (|3.5P and (|4.3p . 

Proposition 7.1. For 1 < i < p we have 

x-tp+i l{pj-py+l) ^ ' (7.1) 
(1 < i < 2, 1 < fc < r,, 1 < /i < 

for X e 5?^, where 
and 

(1 < j < 2, 1 < fc < 9, 1 < ft < TOfc) 

/or X £ , where 

Proof. Under the transformation (12. 4p . ^ — > 770 is equivalent to x — > 00. From Theorem 15. II we find 

= - { (^^.,/_ ^) P-Hnoin ~ r)w,,kA-P, - 1;,„) + o (—1-) 

as X — > 00, a; e Here the initial term satisfies 



P] 



which implies (|7.ip . Similarly, from Theorem 15.61 we obtain (|7.2p . □ 
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For X G we determine the assignment of argument of x — ti as 

arg(x - ti) e {9i, 9i + tt) for x e 5+, 



(7.3) 

arg(x - ti) £ {9i - TT, 9i) for x e . 



Under the assignment ()5.2p and ()7.3|) we have 



ti tp-\-i X tp-\-i 

Proposition 7.2. For 1 < i < p we have 

ye't/^\pi,p2\m + — ) = e-"^^-Ht, - tp+i)p'+p^-^^^''^Uu^kj^{x) {i<k<n, \ <h< 

(7.4) 

for X e 5,^ . 
Proof. Note that 

[ti — tp+i J 

as X — > ti, where 

arg{l + 0{x - t,)} = arg f ^-^f^) e (-^r, tt). 



^2 



Substituting (|7.5p into ()5.5|) . we find 

' X — tp+l \ti — tp+i J \{ti—tp+l)' 

x{x~ t,)^''" {e2n(«i + • • • + n,-i + 1,^1 + ■■■+ £,,fc_i + h) + 0{x - t^)} 

as X — > ti, X e S^. This imphes ([7\i)) . □ 
Proposition 7.3. FFe have 

ySkr\pi^P2;VG + ) = Ut^^.^M {l<k<q, l<h<mk) (7.6) 

for X e 5?^ . 

Proof. Note that ^ — > c» is equivalent to x — > ip+i. From Theorem 15. 71 we obtain 

y^tr\pi^P2; Vo + \ ) - (^ - tp+if'+P'-^" {e2n{n + mi + • • • + rrik-i + h) + O {x - tp+,)} 

' ' X — tp+i 

as X — > ip+i, X € 5?^. This imphes (|7.6p . □ 

Combining Theorems 16. 4[ 16.51 and 16.61 with Propositions 17. li 17.31 and 17. 2[ we obtain the following conclu- 
sions. 

Theorem 7.4. For I < i < p the coefficients j j^.^. f. in the connection formula 

2 n 

Uu,kA^) = E E C^M,k,HU^.,:hi^) i^<k<n,l<h< £,,fc) (7.7) 
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for X G Sf^ are given by 

^ooM,k,h'^ [t^ tp+i) r(p, + i)r(A.,,-p,o^"^*-'''^ ' (7.8) 

(1 < i < 2, I <h<n, l<k<ri, 1 <h< 
Besides, the coefficients C ' r , , in the connection formula 

oo,], h;tp-f-i,k,h 

2 n _^ 

Utp,.,.A^) ^SL,,„.,.f^oo.,^(-) {l<k<q,l<h<m,) (7.9) 

i=i /i=i 

for X € Sf^ are given by 
C 

X),j,/i;tp+i,/c,/i 

(l<j<2, I <h<n, 1 <k <q, l<h< mt) 



(7.10) 



ooj;h;tp+uk,h r(pj + l)r(/9j - ^fe + 1) '^'i;oo,fe,/i'- ^J' 



Proof. Substituting (|7.ip and (|7.4[) into (|6.10p ,/^-n^ ''2-/'2 ^-^id then interchanging j and /, we obtain (|7.7p 
with (|7.8p . Similarly, substituting (|7.2p and (|7.6p into (|6.1ip „^-^^ and then interchanging j and j', we 

obtain with (fflUl) . ' □ 

Theorem 7.5. For 1 < i < p — 1 i/ie coefficients C^,^_^ ^.j. ^ ^ m t/ie connection formula 

Uu,kA^) = E E ^u^^rkrh-M,k,hUu^,,kM^) + ^oK^ - t,+i) (i < fc < r„ i<h< 4,,) (7.11) 
fe=i h=i 

for X € 5/" U S^,-^ are given by 



e 



{t^-tp+lf^^■^-P^-P^ 



(1 < fc < r,+i, l<h< ^,^1 fe, 1 < fc < r„ 1 < < ^,,fc). 
Besides, for 2 < i < p the coefficients C^,^_^ ^ j^.^, j, in the connection formula 



Uu,k,h{x) = E E (^t._^,k,h■,MUt,_,rkM'') + - (1 < < 1 < ^ < kk) (7.13) 

fc=l ^=1 

/or X e U are given by 

t.-i.k,ku.k,h _ ^^^^^2x^_^,_p,^p,^turkM.k.h (^^^4^ 

(1 < fc < r,_i, l<h< i^^^j^, 1 < fc < r„ 1 < /i < 4fc). 

Proof. Substituting (j7.4p and the same expression with i replaced by « + 1 into (|6.12p ,,^-^^ we obtain 

(|7.1ip with (|7.12p . Similarly, substituting (|7.4p and the same expression with i replaced by « — 1 into 
'P^ ''i-r'i,-2-."2- we obtain (fTT^ with (|7T1)) . □ 
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Theorem 7.6. For I < i < p the coefficients C ~ ~ , , in the connection formula 

Uu,kA^) = E E ^t+ukh;u,k,h\^irk:h(.^^ + - ^p+i) (1 < fc < r„ 1 < ;z < i,,,) (7.15) 

k=l h=l 

for X € Si^ are given by 

(1 < fc < g, l<h<mj^, I <k <ri, I <h< £,^k), 

where the double-signs correspond. 

Proof. Substituting (|7.4p and (|7.6p into (|6.15p ,/j^-^j^ for x e and (|6.16p ,/^-^^ for x G S~ , we 

obtain (fTTS)) with ((7TTC)) . □ 

Remark 7.1. The quantities 7^.^/ ^ hi^Pj' ^ 1) and 7^.^ ^. jJy^Pj' ^ 1) do not depend on yyoi since u((t) = 
(((T + 7]o)/ii — r') cr + ?7o) satisfies the system 

^ = ((p + l)/„ + A) {al,, - (T - tp+i/„)-i)"' u, 

which does not depend on and {rj^In — T') w{p; r/g) = u(0). The coefficients c^,^ j; ^.^z ^ ^ and ^ ^ ^ 
do not depend on 770 also. 

7.2 Reducible case (i) 

Next, we consider the connection formulas for the system (|3.7p . We assume the conditions (|3.ip - (|3.4p . (|3.6p 
and (j4.3p . Thanks to Proposition 15.91 we obtain the following results. 



Proposition 7.7. For 1 < i < p we have 



/i— 1 V 



(f <fc<r,, l<h<e^,k), 



<5,'±;,,o). , 1 X T{pq + l)T{-pi) 



X - tp+l T{pq - pi + 1) 

h — 1 



(1 < /c < r,, f < /i < ^,,fc) 



/or X £ , and 



"^-^^^ + = r(p,-,, + f) E7,.^,.,.(-pi - 1) [ j 

[l <k <q, 1 <h< ruk) 

/l— 1 

(1 < < 9 - 1, I <h<mk 

for X € Sf . 
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Proposition 7.8. For 1 < i < p we have 

yt'fh''\pi'N;Vo + ^-—) = e-^^^^'^iU - tp+ir+'^^-^^^-- (KkA'^A {l<k<n,l<h< £i,k) 

'' ' X — Ip+l V ^m,q J 

for X € Sf . 

Proposition 7.9. We have 

X- tp+l \ Omg J 

for X & Sf . 

Theorem 7.10. For 1< i < p the coefficients C , r , , , and C z ^ , , in the connection formula 



h=l h=l 

for X G are given by 

(ji . _ 7rv^a,,.t,-»„ic, ■ ^.2A.,.;.-gi-»„ r(pi -^g)r(A»^fc + 1) i^, 
^^MM,h r(pi + i)r(A,,fc-M9)^''=*-'='''^ ^ 

(1 < /i < n — rrig, l<A;<rj, l</i< ^i,fc), 

(1 < /i < n, 1 < fc < ri, 1 < /i < 4,fc). 
Besides, the coefficients C y- , , anc? C * - , , ^/^e connection formula 

oo,l, h;tp+i,k,h oo, fj,q,h;tp^i,K,h 

n-raq ^ ± 

= E + E ^'^:Zh.,uA,,:h^-^ (l < < g - l, l < < m.) 

/or X G are ^iwen hy 

Q'{St) ^ r(pi - IIq)T{pi fJ.k + 1) _ 

cx>,l,fc;tp+i,fe,/» r(pi + l)r(pi - Mfc + 1) h<°°<k,h^ ' 

{1 <h <n — niq, 1 < k < q — 1, 1 < h < mk), 

cx>,/*g,/i;tp+i,fe,?i + l)r(/ig - /ife + 1) ''''i;oc,fe,/i'- ^1 

(l</i<n, l<A;<g-l, l<h< ruk)- 
Theorem 7.11. For I < i < p — 1 the coefficients C'^ kh-t - kh connection formula 



UUh{x) = EI1 ^u,M.,k,fPu,.J^jS^ + - i\<k<rul<h< i,,k) 

fc=l h=l 

for X e S^' U »SjI, are given hy 



(1 < fc < n+r, l<h< 1 < fc < ri, l<h< £i^k)- 
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Besides, for 2 < i < p the coefficients C"^ k ht k h connection formula 

k=\ h=l 

for X G S~ U are given by 

p-!T^/^\i.k (f . _ f \2\i,k-pi-tJ.q 

(1 < fc < r,_i, l<h< 1 < fc < r,, l<h< 

Theorem 7.12. For \ < i < p the coefficients C'^ ~ ~ in the connection formula 

~ ~ tp+i,k,h-ti,kM ■' 

9-1 '"fc 

c^t' W = E E + - Wi) (1 < ^ < 1 < < ^..) 

A; = l h = l 

for X e 5,^ are given by 

(1 < fc < g - 1, 1 <h<mj., I <k<r,, l<h< ii^k), 

where the double-signs correspond. 

7.3 Reducible case (ii) 

Finally, we consider the connection formulas for the system (|3.8p . We assume the conditions p.ip - p.4p and 
(14.31). We use the notation of an index set 



A; = {1, . . . ,7i} \ {mi H h m;_i + 1, . . . ,toi H h mi} 

for I ^ q — l,q. 

Proposition 7.13. For 1 < i < p we have 

' . _ r„,,_, + i)r(-„) ^ ,., „ ^^'1..^' 



(l<fc<r,, l</i<^.,fc), 



(1 < /c < r,, 1 < /i < 



/or a; € 5^!^^, anrf 



(l<fc7^g-l<9, l</i< mfc), 
(l<A:<g-l, l</i< mfe) 
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for X G . 

Proposition 7.14. We have 



X — tp+1 \Um,_i+m, 

(1 < fc < l<h< £i,k) 



for X e S^" . 

Proposition 7.15. We have 

<Cr^(M,-i,M,;% + = {l<k<q-2,l<h<mk) 

for X e . 

Theorem 7.16. For 1 < i < p the coefficients C" r , , and C" r , , in the connection formula 
Ui'. k h{x) = C" i,,.U" r{x)+ V C" , ,[/" Ax) (KkKn, l<h<iik) 

for X e Sf- are given by 

(/i G Aq, 1 < /c < 1 < /i < ei,k), 
c" - _ c7rv^a,,.t,-»„_i)/. . x2A,,.i.-u„-i-M„ r(/iq-Mg-i)r(A,,fc + i) , , 

(/le A,_i, l<k<r,, l</i<4,fe). 
Besides, the coefficients c"^^' ^ r ^ , , anrf C'"^'^' \ , , in the connection formula 

oo,)[Xg_i,n;rp_|.i,K,rt oo,^q,h\tpj^\,k,h 

U''.dx)=Yc"''^^^ - , U" Ax)+ Y C"^^^\ , U" Ax) 

tp+i,K,«\ / oo,iJ,q-i,h;tp^i,k,h oo,/ig_i,/i^ ' Z_/ oo,iiq,h;tp+i,k,h (x,Hg,h^ ' 

heAg /ieAg_i 

(1 < fc < g - 2, 1 < /i < mfe) 

/or x e «Sj^ are g-iuen hy 

(j"{Sf) ^ r(/X^_i - ^lq)T{lXq_i + /Xg - /Xfc + 1) (g^'T) _ 

oo,fiq-uh;tp+uk,h r(/ig_i + l)r(/ig_i - /ifc + 1) 'h;oo,k,h^ ^« 

{hGAq, l<k<q-2, l<h< ruk), 

x.,u.q,h;tp+uk,h Y{Hq + l)T{lJ,q- llk + l) ^h:^.k,h^ ^^'^ 

(/i e Aq-1, l<A:<g-2, l<h< nik)- 
Theorem 7.17. For 1 < i < p — 1 the coefficients C" j_ ^ ^ kh connection formula 

k=l h=l 
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for X £ U S^_^-^ are given by 



(1 < fc < n+i, l<h< £^_^^J^, l<k<ri, l<h< £i^k)- 
Besides, for 2 < i < p the coefficients C'^' ikh-t kh connection formula 

fe=l h=l 

for X e «Sj~ U <Sjt J are given by 

U-i,k,h;U,k,h e''^^*-i.^(Vl -tp+l)^^'-'''""""'""' ^''-^'^'^'^''''"'^ 

(1 < < ri_i, 1 < /i < fe, 1 < fc < Ti, 1 < /i < 
Theorem 7.18. For Ki < p the coefficients C"^ - - , , in the connection formula 

~ ~ tp+i,k,h;ti,k,h •' 

q-2 rrif, 

K,k,H(^ = E E C:^.,k,f.,u,k,^Ui^,k(-) + hoi - {l<k<r„l<h< i,,,) 

fe=l /i=l 

/or X e »Sj^ are ^wen by 

(1 < fc < g - 2, 1 < /i < m^, 1 < fc < n, l<h< ii^k), 

where the double-signs correspond. 
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